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Abstract 

We extend the refined G-structure classification of supersymmetric solutions of eleven 
dimensional supergravity. We derive necessary and sufficient conditions for the exis- 
tence of an arbitrary number of Killing spinors whose common isotropy group contains 
a compact factor acting irreducibly in eight spatial dimensions and which embeds in 
(Spin(7) x IR 8 ) x R. We use these conditions to explicitly derive the general local bosonic 
solution of the Killing spinor equation admitting an N=4 SU(4) structure embedding 
in a (Spin(7) X IR 8 ) x IR structure, up to an eight-manifold of SU(4) holonomy. Subject 
to very mild assumptions on the form of the metric, we explicitly derive the general 
local bosonic solutions of the Killing spinor equation for N=6 Sp(2) structures and N=8 
SU(2) x SU(2) structures embedding in a (Spin(7) x IR 8 ) x IR structure, again up to 
eight-manifolds of special holonomy. We construct several other classes of explicit solu- 
tions, including some for which the preferred local structure group defined by the Killing 
spinors does not correspond to any holonomy group in eleven dimensions. We also give 
a detailed geometrical characterisation of all supersymmetric spacetimes in eleven di- 
mensions admitting G-structures with structure groups of the form (G x IR 8 ) x IR. 
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1 Introduction 



The classification of supersymmetric solutions of supergravity theories has been a long- 
standing and important problem, due to the central role such spacetimes have played 
in understanding the physics of string and M-theory. The utility of the notion of G- 
structures in performing such classifications was first demonstrated in [1]. Since then, 
G-structures have been used to classify all minimally supersymmetric solutions of sev- 
eral lower dimensional supergravities, for example [2]- [8]; the classification of minimally 
supersymmetric solutions of eleven dimensional supergravity was given in [9], [10]. Sys- 
tematic targeted searches have also been made for Minkowski and AdS solutions of 
string and M-theory, for example, [11]-[18]. These classifications have already spawned 
many interesting applications, such as the bubbling AdS solutions of [19]; the discovery 
of an infinite family of Einstein-Sasaki manifolds [20] together with their field theory 
duals [21], [22]; and the discovery of supersymmetric AdS black holes [23], [24], and 
supersymmetric black rings [25]- [28]. A review of the G-structure literature is given in 
[29]. 

The chief drawback of the original G-structure formalism was that it could only be 
applied to the classification of spacetimes with minimal supersymmetry. It is known 
how to classify maximally supersymmetric solutions, using the integrability conditions 
for the Killing spinor equation [30]. However in [9] it was suggested that G-structure 
language could be used to systematically classify all supersymmetric solutions admitting 
any desired number of arbitrary Killing spinors. A universally applicable formalism con- 
cretely implementing this proposal was first given in [31], and illustrated in the context 
of gauged seven dimensional supergravity. The key steps given in this paper are to: 

(1) Use a systematic procedure to construct a basis in spinor space by acting on a 
fiducial spinor with a subset of the Clifford algebra; 

(2) Express all Killing spinors in terms of this basis, and choose a basis in spacetime to 
set them in a simple, canonical form; 

(3) Insert the Killing spinors expressed in canonical form into the Killing spinor equa- 
tion, and use the basis to convert the Killing spinor equation into a set of algebraic 
conditions on, and relationships between, the spin connection, the fluxes and the first 
derivatives of the functions defining the Killing spinors. 

The notion of a G-structure provides the central organisational principle in imple- 
menting this procedure; a set of Killing spinors defines a preferred local G-structure 
whose structure group is given by the common isotropy group of the Killing spinors. 

To maximise the computational efficiency in deriving the conditions for spacetimes 
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to admit more than one Killing spinor, [31] advocated constructing the basis in spinor 
space by acting on a Killing spinor with a subset of the Clifford algebra. The conditions 
for the existence of a single arbitrary Killing spinor e may be efficiently computed, as 
in [31], without having to invoke the Fierzing and bilinears of the original G-structure 
formalism. Then any other Killing spinor r/ may be expressed as 

V = Qe, (1) 

where Q is some matrix in the relevant subset of the Clifford algebra. Since e is Killing, 
7] is Killing if and only if 

[D„,Q]e = 0, (2) 

where T>^ is the supercovariant derivative. Each spacetime component of the commu- 
tator may be expressed as a manifest sum of the basis spinors. The vanishing of the 
coefficients of every basis spinor in each spacetime component then gives the necessary 
and sufficient conditions for r] to be Killing. 

Of particular interest is the application of this formalism to eleven dimensional su- 
pergravity. A single Killing spinor in eleven dimensions defines either a timelike or a 
null Killing vector; the Killing spinor itself is then referred to as timelike or null. The G- 
structure defined by the Killing spinor has structure group SU(5) or (Spin(7) x IR 8 ) x R, 
respectively 1 . Incorporating additional Killing spinors generically breaks the structure 
group to some subgroup. 

This paper is the third in a series, building on the work of [10], in which we are 
pursuing a systematic cataloguing of the properties of all supersymmetric spacetimes in 
eleven dimensions, with structure groups embedding in (Spin(7) x R 8 ) x IR; that is, all 
supersymmetric spacetimes admitting at least one null Killing spinor. One of the results 
of [10] was that given the existence of a single null Killing spinor in eleven dimensions, 
the metric can always be cast in the form 

ds 2 = 2e + e~ + <%eV + (e 9 ) 2 , (3) 

where 

e+ = L- l (du + \), 

e~ = dv + -Fdu + Bdz + is, 

e 9 = C(dz + a), 

e* = e* M dx M , (4) 



1 More precisely, the existence of a timelike or null Killing spinor at a point implies the existence of a 
preferred SU (5) or (Spin(7) x R 8 ) x R structure in a neighbourhood of that point. 
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and where the functions L,F, B,C, and the one-forms A, v, a, e % are independent of 
v, and satisfy certain additional conditions. The eight-manifold spanned by the e 1 is 
referred to as the base. Many components of the flux are fixed in terms of the spin 
connection by the Killing spinor equation for the single null Killing spinor, though some 
components drop out and are unconstrained. The spin connection for the metric (4) 
is also computed in [10]. We will use throughout all the results of [10], which are 
summarised in appendix A, and we adopt all the conventions of that paper. 

In [32] , an overview of the algebraic aspects of all G-structures associated to Killing 
spinors in eleven dimensions whose structure groups embed in (Spin(7) x IR 8 ) x IR was 
given; all such groups were classified, and the spaces of spinors fixed by each were 
constructed. A basis for spinor space was constructed by acting on a null spinor e, 
which is required to satisfy the following projections in the null spacetime basis (3): 

T+e = 0. (5) 

The spinorial basis is given by 

6, Te, l^e, T-e, T~\ ^T^e, (6) 

where the J A , A = 1,...,7 are a set of two- forms defined on the base, which furnish a 
basis for the 7 of Spin(7); explicit expressions for the J A are given below. Thus, any 
additional Killing spinors may be written as 

r,= (f + u t r + \f A J^ + gT- + VP-* + l -g A J$T-v)e, (7) 

for thirty-two real functions f,Ui,f A ,g,Vi,g A . By acting with the (Spin(7) x IR 8 ) x IR 
isotropy group of e, some additional Killing spinors can be simplified, while preserving 
the constraints on the intrinsic torsion implied by the existence of the Killing spinor e; 
this essentially amounts to choosing the spacetime basis in such a way that the additional 
Killing spinors are simplified as much as possible. 
In [33], the commutator 

[T>p,gT-]e, (8) 
was computed, where for eleven dimensional supergravity, 

V^ = d^ + -^V" + ^(Wp - 8g^T aTp )F^ T P. (9) 

By imposing [D^, gT~]e = 0, an explicit expression for the general solution of the Killing 
spinor equation admitting a Spin(7) structure was derived. In this paper, we compute 

\[V,J A J A Vi +g A J A T-^]e 1 (10) 
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and analyse in detail the constraints obtained from imposing 

/ + \f A 4 vij + + \g A jf 3 T-% = 0, (11) 

for various choices of multiple additional Killing spinors of the form (7) with U{ = V{ = 0. 
Though we do not provide an exhaustive analysis of all supersymmetric spacetimes 
admitting Killing spinors of this form, the necessary and sufficient conditions for the 
existence of any desired number of arbitrary Killing spinors of this type may be read 
off from our expressions for the commutators. Furthermore, we explicitly derive the 
general local bosonic solution of the Killing spinor equation given the existence of four 
Killing spinors (at least one of which is null) stabilised by a common SU(4:) subgroup 
of Spin(l,10). We also give a complete geometric characterisation of all supersymmetric 
spacetimes admitting G-structures with structure group of the form (G x IR 8 ) x IR. 
In [34], we will compute the commutator 

[V^UiF + ViT^e. (12) 

This, together with [10], [32], [33] and the present work, will give a complete manual 
for solving the Killing spinor equation of eleven dimensional supergravity, given the 
existence of a single null Killing spinor. 

Recently, in [35], the method of [31] was reformulated. The authors constructed a 
basis of timelike Dirac spinors for the analysis of the Killing spinor equation of eleven 
dimensional supergravity, by acting on a fiducial complex spinor p with 

R ai ..a n T ai - a ", (13) 

where the R ai ..a„ furnish a basis for (0,p) forms, p = 0, ...,5, defined on the ten- 
dimensional Riemanian base in the timelike basis for eleven dimensional spacetime, 

ds 2 = -(e°) 2 + S ab e a e b . (14) 

The authors of [35] use slightly more abstract notation, by suppressing the Gamma- 
matrices in (13) and treating the spinors throughout as forms. By expressing the Killing 
spinors in terms of this spinorial basis, setting them in a canonical form and inserting in 
the Killing spinor equation, the conditions for supersymmetry in several particular cases 
are derived. This same procedure has also been applied to IIB in [36]. Very recently in 
[37], the action of the eleven dimensional supercovariant derivative on the full spinorial 
basis (13) has been given. In principle, this result can be used to derive the conditions 
for supersymmetry for any number of arbitary Killing spinors, whether timelike or null. 

However, there are two reasons why the analysis we are pursuing is of relevance. 
The first is that the timelike spinorial basis (13) is unsuited to the study of null su- 
persymmetry, and in this case it is better to work throughout with a basis constructed 
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from a null spinor. The second reason concerns the only significant difference between 
the formalisms of [31] and [35]. Because of the complexity of eleven dimensional super- 
gravity, the expressions for the action of the supercovariant derivative on the full basis 
of spinors are inevitably complicated. Since we construct the basis (6) by acting on a 
Killing spinor, we need only compute the commutator [£> M ,Q]e. Furthermore, we im- 
pose the constraints of [10] for N = 1 null supersymmetry on the resulting expression, 
expressing wherever possible the flux in terms of the spin connection. This radically 
simplifies the final expression we give for the commutator, and means that our results 
can be used immediately for reading off the conditions for enhanced supersymmetry. 
By contrast, since the spinorial basis (13) used in [37] is not constructed by acting on a 
Killing spinor, the expressions given therein are for 

V^Qp) = Q]p + {V^ Q}p, (15) 

and to use the results for the analysis of enhanced supersymmetry one must first impose 
the N = 1 constraints on the given expressions. Given the inevitable complexity of the 
results, this is not a computationally trivial task. 

Once the conditions for supersymmetry have been computed, it remains to determine 
which components of the field equations and the Bianchi identity must be imposed on 
the solution of the Killing spinor equation. We do not undertake a complete analysis of 
this; rather we assume that the Bianchi identity is always imposed on the solution of the 
Killing spinor equation (it is unneccesary to make this assumption; however it simplifies 
the analysis of the integrability condition, at no great practical cost for constructing 
solutions). The (contracted) integrability condition for e, 

F'[V li ,V v ]e = 0, (16) 

implies that some components of the field equations vanish identically, some satisfy 
algebraic relationships with one another, and some drop out and are unconstrained. 
The conditions on the field equations for a single arbitrary null Killing spinor are given 
in [33] . It is easy to determine which additional field equations are automatically satisfied 
when one demands the existence of an additional Killing spinor Qe; one simply imposes 

\T v [V li ,V v ],Q]e = 0. (17) 

The remainder of the paper is organised as follows. In section two, we give the 
commutator 

hp il J A J^+g A jf j T- i ^ (18) 

imposing the N = 1 constraints of [10] on the resulting expression. This calculation, 
while straightforward, is very long and technical, and requires much manipulation of 
Spin(7) tensors defined on the base space. We sketch some of the details in appendix A. 



7 



In section three, we study particular cases of supersymmetric spacetimes admitting 
SU(4), Sp(2), SU{2) x SU{2), SU(2), 17(1) or Identity structures. The SU(2) and 
£7(1) structures are of interest, because these preferred local G-structures defined by 
the Killing spinors have structure groups which do not coincide with any of the possible 
holonomy groups in eleven dimensions (the SU(2) acts irreducibly in eight dimensions); 
the presence of non-zero fluxes allows for for supersymmetric spacetimes with previously 
unrecognised local G-structures defined by the Killing spinors. 

We use the commutator of section two to derive the general solution of the Killing 
spinor equation for an N = 4 SU(4) structure embedding in a (Spin(7) x K 8 ) x IR 
structure, giving the metric, four-form and Killing spinors explicitly, up to an arbitrary 
eight-manifold of SU(4) holonomy. We find that there are two types of solutions. The 
first type is very similar to that of [33], since the solution admits a Spin(7) structure in 
addition to an SU(4) structure. Locally, the first type of solution may always be taken 
to be as follows. The Killing spinors are given by 

e, \jj^e, i7- 1 /3 (x)r - e , ltf-V3 (x) j7. r -^ e) (19) 

with metric 

ds 2 = H' 2 ^(x)(2[du + X(x) M dx M }[dv + u(x) N dx N } + [dz + a(x) M dx M } 2 ^ 

+ H 1 / 3 (x)h MN {x)dx M dx N , (20) 

where Hmn is a metric of SU{4) holonomy and dX, dv and da are two- forms in the 15 
(the adjoint) of SU(4). The four-form is 

F = e + A A e 9 A dlogH + i7~ 1/3 e + A e~ A da - e + A e 9 A dv 

+ H' 2 ^e~ Ae 9 AdX + ^F 2 ^ Ae j Ae k Ae l , (21) 

where F 20 denotes the components of F on the base in the selfdual 20 of SU{4). This 
part of the flux is not fixed by the Killing spinor equation; such flux terms may be used 
to construct resolved membrane solutions as in [38] . Solutions of this general form have 
been extensively studied in [39]. The Bianchi identity imposes F 20 = F 20 (x), dF 20 = 0. 
One component of the classical four-form field equation must be imposed on the solution 
of the Killing spinor equation to ensure that all field equations are satisfied; this is 

V 2 H = - l -da MN da MN - dX MN dv MN - ^F^qF 20 ^^ , (22) 

where V 2 is the Laplacian on the eight-manifold with metric /imjv, and in this equation 
all indices are raised with h MN . 
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The second type of solution admitting an N = 4 S77(4) structure is determined 
locally as follows, and as far as we are aware, is new. The Killing spinors are 



e, \jj^e, {^Jj^ + C osuH- 1 /\x)T- + \smuH- 1 l\x)jJ j T- i ^ 

{-z-s\nuH~ l ^{x)T- + -cosuH- l ^{x)jJ j T- i ^)e, (23) 

with metric 

ds 2 = H- 2 / 3 {x)\2du(dv + u(x) M dx M ) + cos 2 udz 2 ] + H 1 / 3 (x)h MN (x)dx M dx N , (24) 
where }%mn is a metric of S77(4) holonomy and the one-form v is required to satisfy 

dv = ~^HJ + dv 15 , (25) 
where J is the complex structure of the Calabi-Yau. The flux is given by 



F = cos u(dv + u) A du A dz A d(H ) + cosudu A dz A (— H du — J) 
1 



+ ^A^A^Ae'. (26) 



Again, the Bianchi identity imposes 

F 20 = f 20 (x), dF 20 = 0. The + - 9 component of 
the classical four-form field equation is given by (22) with A = a = 0, and all other field 
equations are identically satisfied. This class of solutions has naked null singularities 
at u = the z direction decompactifies along u < before collapsing again along 
u > 0. These two types of solution exhaust all possibilities for N = 4 S?7(4) structures 
admitting a null Killing spinor, and together give the general local bosonic solution of 
the Killing spinor equation for supersymmetric spacetimes in this class. One could, of 
course, have supersymmetric spacetimes admitting SU (4) structures defined by two or 
three Killing spinors; however, we do not examine these cases in detail. 

Subject to very mild assumptions on the form of the metric 2 we derive the general 
local bosonic solution of the Killing spinor equation (given the existence of at least one 
null Killing spinor) for an N = 6 Sp(2) structure, an N = 8 SU{2) x 517(2) structure, 
an N = 10 SU(2) structure, and an TV" = 12 U(l) structure, in each case giving the 
metric, four-form and Killing spinors explicitly, up to eight manifolds of appropriate 
special holonomy. These solutions all admit an N = 4 SU(4) structure of the first type 
above, and so are contained in that class of solutions. We strongly suspect that there 
are other solutions analagous to the second type of N = 4 SU (4) solutions, which are 



2 Specifically, that the exterior derivative of the one-form v appearing in (4) lies in the adjoint of the 
structure group. 
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excluded by our metric ansatz. It would be straightforward to repeat our exhaustive 
treatment of N = 4 SU(4:) structures to determine whether such solutions exist, though 
we have not done so. Also, one may have Sp(2) structures defined by N < 6 Killing 
spinors, and similarly for the other structure groups; we have not examined such cases 
in detail. We also find that assuming dv = in (4) , the unique solution of the Killing 
spinor equation admitting sixteen linearly independent Killing spinors of the form 

(/ + \f A 4? ij + gr~ + \g A 4T-^)e (27) 

is the standard asymptotically flat M2 brane. All the supersymmetric spacetimes studied 
in this section admit both timelike and null Killing spinors. 

In section four, we use the commutator to give a complete geometrical characteri- 
sation of all supersymmetric spacetimes admitting G-structures with structure groups 
(SU(4) x IR 8 ) x R, (Sp{2) x R 8 ) x R, {(SU{2) x SU{2)) x R 8 ) x R, (SU(2) x R 8 ) x R, 
(U(l) x R 8 ) x R, and some particular classes of R 9 structures. Again, the (SU(2) x R 8 ) x R 
and (£7(1) x IR 8 ) x R structures can only arise for non-zero fluxes. All the supersymmetric 
spacetimes classified in this section admit only null Killing spinors. 

In section 5 we give the integrability conditions for Killing spinors of the form (27), 
and in section 6 we conclude. The calculation of the commutators is sketched in appendix 
A, and the technical analysis of N = 4 SU (4) structures is relegated to appendix B. 



2 The commutator \[V^ f A J^ + g A J^T'^e 

In this section we compute the commutator which is central to our analysis. As men- 
tioned above, its derivation is very long and technical. We outline some of the steps we 
use in appendix A. Before giving the result, we will present some introductory material. 
On an eight-manifold equipped with a Spin(7) structure, tensorial modules of Spin(8) 
may be decomposed into modules of Spin(7). For forms, these decompositions may 
be effected by means of certain projectors, a complete set of which is to be found in 
[10]. However, it will also be convenient for us to work with explicit bases for tensorial 
modules of Spin(7). Consider first the case of rank two tensors. Under Spin(7), the 28 
of Spin(8) decomposes into a 7 and a 21, with the 1 and the 35 left irreducible. An 
explicit basis for the 7 is given by the two-forms 



J 1 


= e 18 


+ e 27_ e 36_ e 4 5) 


J 2 


= e 28 


-e 17 


_ e 35 + e 46 


J 3 


= e 38 


+ e 47 + e 16 +e 2 5) 


J 4 


= e 48 


-e 37 


+ e 15 -e 26 


J 5 


= e 58 


+ e 67_ e 14_ e 2 3) 


J 6 


= e 68 


-e 57 


-e 13 + e 24 






J 7 = e 78 + e 56 


+ e 34 


+ e 12 
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Since iJ A are Gamma-matrices for Spin(7), the J A obey, with A = I, ...,7, 

j£j Bk j = -6 AB 6 ij + K$ B , (29) 

where the K AB are antisymmetric on (A, B) and (i, j), and furnish a basis for the 21. 
Furthermore, 

K AB J C \ = T ABC + 25 C ^ A J* ] , (30) 

where the T ABC are antisymmetric on (ABC), traceless and symmetric on and 
span the 35. Products of more than three J A s are related to products of three or less 
by duality. Since J 1 J 2 ... J 7 = -1, defining T ABCD by 

[T ABC^jD ] = 2T ABCD^ ^ 

we find 

jiABCD _ _}_ e ABCDEFGrpEFG ^2) 

with e 1234567 = l ; and where here, and henceforth unless explicitly indicated otherwide, 
we adopt the summation convention on Spin(7) indices A,B,C,... 
For three-forms, a basis for the 56 of Spin(8) is given by 

e i A J A , (33) 

so that any three-form P%j k can be written as 3P A J^, and is specified by the fifty-six 
P A . Under Spin(7), 56 — > 8 + 48. The 8 and 48 parts of the form P can be written as 

p 8 _ _^ / m p Ai T A 
r ijk — rjVijk r d lmi 

3 

where (f> is the Spin(7) four-form; in our conventions, it is given by 

_^ = e 1234 + e 1256 + e 1278 + e 3456 + £ U78 + e 5678 + e 1357 

+ e 2468 _ e 1368 _ e 1458 _ e 1467 _ e 2358 _ e 2367 _ e 2457 (35) 

Finally, the space of four-forms decomposes under Spin(7) into 1 + 7 + 27 + 35. In 
our conventions, the 35 is the anti-selfdual part, with the remaining Spin(7) modules 
being selfdual. Bases for the 1, 7 and 27 are given respectively by 

^J A AJ A , K AB A J B , J A AJ B -±5 AB J C AJ C . (36) 

Note also that J A A J A = —6(f>. A basis for the 35 is given by 

K^ AB AJ c l (37) 

We will use these bases extensively in what follows. Now we turn to the expressions for 
the commutator. 



Pijk — 3P^ jf k } + -4>ijk m P M Jfrni (34) 
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2.1 [V^\f A J^]e 

First consider 

The — component is 



p» \f A 4 vij \*- 



(38) 



d-f B + \{^ 3 - \u^)f A K AB ^] \j*T», 



(39) 



1 

4 v— v 3 

where here and below it understood that the given expression acts on e. Next, the + 
component is 

'd + f B + -(u +t3 - l -F +9lj )f A K AB ^ 



f A\ 4 1 j-,48 T AH 

J I ~ j U +9i J j + Y+jkl J 

4 

.21 



48 



-j B r- 



(40) 



The 9 component is 



48 rAkl 



+ 
+ 



4 



6 — 
The i component is 



9 9 / B + ^ • u ij9 )f A K AB ^ - / A (^J^-LJ flH + ^ +9 _ 
U j9 K ABi A] \j B n T™ + \^f A K A ^\j B V- k K 



(41) 



f A + + (uj ljk] r j a *\ + f A [^ kl J Aki + | w+fl _ j 



2 -Afc ,21 T AfcZ, ,7 



3 ~ 



if rAfcZ, ,7 , rAfc , ,35 



+ \f A (u ijk K AB * k - [u m + 2u j - + )K AB \) + / A (|j-(" fc - + + ^ 99fe ) J A ) 



2.2 [^,yj4r-^] e 

Now we compute 



_ jB -pmn 



" f A T Ak, , 
3/ J[i Wj]fc- 



r -j 



(42) 



(43) 
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In fact, since the spinor e is Killing and, with the choice of spacetime basis (5), constant, 
we have that 



1 



1 



1 



V,Qg A J A T^e) = [©„, -g A J A T^]e = {V„ -g A J A T^}e. (44) 



Thus to obtain the action of T>^ on ^g A J^F~^e we may compute either the commuta- 
tor or the anticommutator. In this case, it is technically much easier to compute the 
anticommutator, which is what we have done. The — component is 



5 , , J- 2 , , ^ T Ai Of, J \ 48 T Akl 



+ 9 
+ 

The + component is 



1 



1 



1 



("-+9 + ^ + 9-)S AB - ^F%J BU + - 3 u ij9 K A ^ 



B T,mn 



- i a r 



d-g B + \{u- ij + u ij -)g A K ABi i 



jB-p-kl 



(45) 



u ++i g A - u ++9 g A \j^ - \u +ij g A J A ^T- - < 
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1 



48 7 Akl 



77148 T 

The 9 component is 



d +9 B + \(co +ij + ±F +9ij )g A K ABi i 



W M 



(46) 



1 



-A 



jAij 



+ ±F +9ij K ABi i 
1 



9' 



(w9^ 



1 



u +9l )J A \ + -F$» V+g A 8 AB u 99+ 



1 



n48 lAkl 



A X AB, 



21 r -" /_ J ' (i' bjkl ' 

1 r 9 

1 jB-pkl I .A ^ / , \ j-Ai i 9/. ,7 ^48 tv 

1 



+ [d 9 g B + -(^ + u ij9 )g A K AB v + -g A J^F t f kl J Bkl + -g B co +9 



:^ij 9 g' 



ift-ABij 



jB -p—mn 
; J mn L 



(47) 
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The i component is 



10 Aj 



17 P 48 jsABjk , : t(A 7 S) „48jkl] 1 7 B r m„ 4 [ 1 , .Aj Mj, 

~ UA +ijk 12 ij kl + J 8 mn 12^ j i-UijkJ 

1 s -, r- O 1 



u +kl°i] + 3 J i-^+9j 



13 1 r^ABj 



+ 



(-1 



-K_ + +^)J^ + (^ fc] ) 48 J AJ ^ 



r- + / 



2 tA/c , ,21 rAfc , ,35 ] r -j , lo B , B , 1 4 t[A ? B] ,fc/ 

- 3 J [i w j]Jfc9 ~ J \i u j]k9\ L + |°W +5 w «-+ + 2^ J ij J ki UJ 



t-3 i To B I B 1 A T [A T B] 

r J + [dig + g + -g J\j J kl > 



3 , , 7 A 1 j-n27 rAfci 



(48) 



2.3 + <?r-]e 

In order to make the discussion of section 3 as self-contained as possible, here we quote 
the result of [33] for 

[V^f + gT-]e. 



The — component is 

d-f+g(uj+9--u-+9) 
The + component is 



+ - J- v i j9 J AlJ ' - J k i T kl + ^ 2w 99 j - cjj _ + — 3u_ + j 



(49) 



r+9_ 5 r-. (so) 



d+f - gu++9 

The 9 component is 

99 f ~ 9^9+9 

25 r 



(51) 



g r 

■ - 3w 9+ j + uj +9 i 



(52) 
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The i component is 



dif + g{-^i+9 + g^+9i 



+ 9 



1 7 l r 



+ 9 
+ 9 



—uj +9j J A \ + ^-F+'fc 



p 48 



_ pint! , 



21 

2" t '+9ij 

di9+ |(2wi 



^99i) 



I 4 i r 2 

- 2% W +-9 + + wggj 1^ + 5 [ - — (uJ 99j + U^_+) 



+ 3(^, fc] ) 48 J^' 



tA p-ran 
<7 mn ± 



(53) 



In deriving the commutators, we have employed the conditions of [10] for N = 1 null 
supersymmetry, which are quoted in Appendix A. Now we will use these expressions to 
solve the Killing spinor equation in some illustrative special cases. 



3 Examples: configurations admitting timelike 
Killing spinors 

In this section, we will consider supersymmetric configurations admitting additional 
Killing spinors of the form 

(/ + \f A 4? ij + gv~ + \g A J A r^ )e . (54 ) 

It was shown in [32] that provided g A ^ 0, such Killing spinors define a privileged local 
G-structure which embeds both in an SU(5) and a (Spin(7) x IR 8 ) x IR structure; that is, 
some of the Killing spinors are timelike, and some are null. This is what was referred to 
as a "mixed" G-structure in [32]. In this section, we will examine in detail the conditions 
obtained by imposing 

/ + \f A 4 Vij + a?' + \g A J A T-^]e = (55) 

for various choices of additional Killing spinors. We will explicitly derive the general 
solution of the Killing spinor equation, given the existence of at least one null Killing 
spinor, for an N = 4 SU(4) structure. We will also obtain explicit solutions for very 
broad classes of N = 6 Sp(2) structures, N = 8 SU(2) x SU(2) structures, N = 10 chiral 
SU (2) structures and N = 12 U(l) structures, given very mild assumptions on the form 
of the metric. We also find that the unique solution of d=ll supergravity admitting 
sixteen Killing spinors of the form (54) with v = in (3) is the asymptotically flat M2 
brane. 



15 



3.1 N = 4 5*7(4) structures 

In [32], it was shown that additional Killing spinors defining an 577(4) structure may- 
taken to be of the form 

(/ + \fjj^ + gT- + ±g 7 jlT-v)e. (56) 

In appendix B, we derive an explicit form for the metric, four form and Killing spinors 
of a supersymmetric spacetime admitting the Killing spinor e and three linearly inde- 
pendent spinorial solutions of 

That is, we classify all supersymmetric spacetimes admitting a preferred local SU (4) 
structure defined by four Killing spinors, at least one of which is null. To do so, we use 
the following argument. Every spacetime component of (57) is written, using (39)-(42), 
(45)-(48) and (50)-(53) as a manifest sum of basis spinors. Derivatives of the functions 
/, g, f 7 , g 7 appear only in the coefficients of the basis spinors e, T~e, | jJjT^e, | J^T - '-' e, 
respectively, in each spacetime component. The coefficient of every other basis spinor in 
each spacetime component is algebraic, and obviously linear, in the functions g,f 7 ,g 7 . 
Thus the coefficient of each of the twenty-eight basis spinors not involving a derivative 
of one of the functions /, g, f 7 , g 7 , in every spacetime component of (57), may be written 
schematically as 

fA + gB + g 7 C. (58) 

Since we are demanding the existence of the Killing spinor e and three additional linearly 
independent Killing spinors of the form (56), we require that A = B = C = for the 
coefficient of each of the twenty-eight basis spinors not involving a derivative in every 
spacetime component. This will provide a large set of algebraic conditions on, and rela- 
tionships between, the spin connection and components of the four-form. The remaining 
conditions imposed by (57) are on the derivatives of the functions f,g,f 7 ,g 7 ; given the 
algebraic constraints, these will simplify considerably. This procedure is worked through 
in detail in appendix B. Here we will summarise the conditions for supersymmetry de- 
rived in the appendix. 

Summary The four Killing spinors defining an N = 4 577(4) structure may be taken 
to be 

(f\jlF i] + gr~ + 9 7 \jJr ij y (- f - g 7 v- + gl^y ( 59 ) 
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The function g is positive, and f 7 , g and g 7 satisfy the following differential equations: 

d-f 7 = d-g = 8-g 7 = 0, 
d + f 7 = 0, d+logg = w 99+ , d + g 7 = --guj +ij J 7t:} , 

dvf = ~9 7 ^99+ ~ T^gu+ijJ 713 , d 9 g = d 9 g 7 = 0, 

dif 7 = 0, dilogg = dig 7 = -g 7 uji-+. (60) 

There are the following algebraic constraints on the non-zero components of the spin 
connection, 



5^99+ 




W+ij 


, , j7 kl 7? , , ,15 
- -^>+klJ Jij+^+ij, 




— 1 , , T™1 7? _i_ , ,15 

- Y\ + kl V + «+' 


U-ij 


- , , 15 
— ^-iji 


u >ij- 


= 


^9ij 


— w 9ij' 


^ij9 


- , , 15 

— w ij9. 


<^99i 


= ^ — H = —^i — h = UJ + — 



"Ijk = -jS i yd k] \ogg+ -<p ijk l dilogg, 

u% k = \d l \oggK 7M l K 7 i + u J }^ (61) 
and all other components vanish. The only non-zero components of the flux are 

F-\ — 9i = 3cjj_ + , 
F + -ij = 2u)}jQ, 

F+9ij = -^>+kiJ 7kl Jjj - 2 ^+, 
F-Qij = 2uj}f_, 

Fijki = F?° kl , (62) 

where F?° z denotes the self-dual 20 piece of uj^ g denotes the 15 piece of w^-jg 

(similarly for Uij-, ujj^ 1 denotes the projections of Uij k on the indices j, k onto 

the 7, 21 of Spin(7), and cofR. the projection of u>ij k on the indices j,k onto the 15 of 
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SU(4). From our discussion of the integrability conditions in section 5, we see that it is 
sufficient to impose the Bianchi identity for the four-form and the H — 9 component of 
the four-form field equation to obtain a solution of all the field equations. 



Solving the constraints It is shown in appendix B that all solutions of these 
constraints fall into two distinct classes, for which the Killing spinors, metric and four- 
form are given in the introduction. The first class is given by equations (19)-(21), and 
the second by equations (23)- (26). 



Now let us consider N = 6 Sp(2) structures. As was shown in [32], an N = 6 Sp(2) 
structure embedding in a (Spin(7) x IR 8 ) x IR structure is defined by e and five additional 
Killing spinors which may be taken to be of the form 



We may exploit our residual freedom to perform (Spin(7) x IR 8 ) x IR transformations, 
preserving the form of (63), to take one of the Killing spinors to have / = g & = 0. 
Now we may compute the constraints associated to the existence of these five additional 
Killing spinors in a completely analagous fashion to the SU(4) case. We have done this 
with one mild assumption as to the form of the metric: namely that uj+ij contains no 
singlets under the Sp(2) structure group of the base. With a suitable choice of gauge, 
this amounts to assuming that the exterior derivative, restricted to the base, of the one- 
form v contains no singlets of Sp{2). Note that the analogous assumption in the case of 
SU (4) would have excluded the solutions of case (iii) in appendix B, equations (23)-(26) 
of the introduction. We strongly suspect that there are analogous solutions for an Sp{2) 
structure, but we have not searched for these exhaustively. Given our assumption, we 
have derived the following necessary and sufficient conditions on the Killing spinors, spin 
connection and four-form for the existence of an N = 6 Sp{2) structure. The derivation 
proceeds exactly as for S77(4). The Killing spinors may be chosen to be 



3.2 N=6 Sp(2) structures 



(f + g r- + 52(f A lj$T* + Aj$r-*))e. 



(63) 



A=6 



(64) 



where g > and 



d-g = d + g = d 9 g = 0. 



(65) 
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There are the following constraints on the non-zero components of the spin connection, 
,,. _ ,,io 

— , ,10 

^9ij — u gij , 

wggi = = = = dilogg, 

vjjk = ~^i[jdk] log g + -<P ijk l 9i log g, 

U loggK™ lK J£ + £ 1ft log^< iK tf + 4° , (66) 



and all other components vanish. The only non-zero components of the flux are 



F+-9i 


— 3u>i — 1_, 


F +-ij 


= ^}j9i 


F+9ij 




F-9ij 


= 2u#_, 


Fijkl 


= F x t 



(67) 

A basis for the 14 is given by 

1 5 

J a AJ b --S ab Yj c AJ c , A,B = 1,...,5, (68) 
5 ^ 

while a basis for the 10 is given by 

K AB , A,B = 1,...,5. (69) 

As was the case for SU(4), an Sp(2) structure of this form embeds in a Spin(7) structure. 
We may thus take the metric to be given by (20), again with g = i/ -1 / 3 , but now with 
fiMN a metric of Sp(2) holonomy, and dX, dv and da restricted to the 10 of Sp{2). 
Similarly the flux is given by (21), but now with F^i = F^. The Killing spinors 
define a triplet of complex structures as follows. Let 

10) = l J Ij rij ^ K2) = I-Jf^e. (70) 
19 



Then 



eEV^(i) = - J ff 1 /3 e + A j(i) > 
eV!|( 2) = -,ff 1 /3 e + A j(2) j 

^(1)^,^(2) = -iJ 1 /3 e + A j(3) ) (n) 





= e 12 


+ e 34 


+ e 56 


+ e 78 


J(2) 


= e 13 


+ e 42 


+ e 57 


+ e 86 


J(3) 


= e 14 


+ e 23 


+ e 58 


+ e 67 



where 



(72) 

and the e l are achtbeins for /i. 

3.3 N=8 SU{2) x 577(2) structures 

An N = 8 SU{2) x SU(2) structure is defined by e and seven additional Killing spinors 
of the form 

(f + gT- + j^{f A \j^ + g Al -J^))e. (73) 
A=5 

We may again exploit our residual freedom to perform (Spin(7) x IR 8 ) x IR transformations 
to take one of the spinors to have / = g 5 = g % = 0, and a second to have g 5 = 0. We 
again expect that there will be two distinct classes of solutions, depending on whether or 
not dv contains singlets of 577(2) x SU{2). Assuming that it does not, we have derived 
the general solution of the constraints. The Killing spinors are given by 

e, gT~e, \gJ^e, A = 5,6,7. (74) 

The metric is given by (20), with g = i7 -1 / 3 , but now Iimn is a metric of 577(2) x 577 (2) 
holonomy, and dX, dv and da are in the 6 of 577(2) x 577 (2). The four-form is given by 
(21), but now Fijki = Ff- W where a basis for the 9 is given by 

i 4 

J A A J B - ±5 AB jC A jC i A,B = 1,...,4, (75) 
and a basis for the 6 is given by 

K AB , A,B = 1,...,4. (76) 

We may extract the SU(2) x SU(2) invariant forms from the spinors in the same way 
as for 577 (4) and Sp(2) structures. Solutions of this form describing membranes on a 
transverse space of SU (2) x 577(2) holonomy have been extensively discussed before, for 
example in [39] and [40]. 
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3.4 N=10 Chiral SU(2) structures 

An A = 10 "chiral" SU(2) structure is defined by e and nine additional Killing spinors 
of the form 

(f + gT- + j2(f A l J ^ ij + 9 A Up- ij ))e. (77) 

We may again exploit our residual freedom to perform (Spin(7) ix IR 8 ) x IR transformations 
to take one of the spinors to have / = g 4 = g 5 = g 6 = 0, a second to have g 4 = g 5 = 0, 
and a third to have g 4 = 0. We again expect that there will be two distinct classes of 
solutions, depending on whether or not dv contains singlets of SU (2). Assuming that it 
does not, the general solution of the constraints is given as follows. The Killing spinors 
are 

e, gT-e, gJ-Jl^e, \gJ^e, A = 4,. .,7. (78) 

The metric is again given by (20) with g = H^ 1 ^ 3 , where dX, dv and da are in the 3 of 
SU{2). The flux is given by (21) but with F ijkl = Ff jkl . A basis for the 5 is 

1 3 

J A A J B - U AB J° A J°, A, B = 1,2,3, (79) 
3 l 

and a basis for the 3 is given by 

K AB , A,B = 1,2,3. (80) 
The conformally rescaled base with metric h is required to satisfy 

^ijk = wj-fc- (81) 

Thus the conformally rescaled base has holonomy contained in an SU{2) subgroup of 
Spin(7), an SU{2) subgroup which acts irreducibly in all eight dimensions. By Berger's 
theorem, the holonomy of the base must thus be the identity, and the base must be locally 
flat. Though the base is flat, the full eleven dimensional metric for this class of solutions 
does not in general admit a preferred local identity structure defined by the Killing 
spinors. This is because the flux and the one-forms A, v and a are incompatible with 
the existence of such a structure. What is interesting about this class of solutions is that 
they admit a preferred local geometric structure which is qualitatively different to those 
previously identified in eleven dimensions. The preferred local structure group defined by 
the Killing spinors for this class of solutions is strictly SU(2), and not some subgroup, 
acting irreducibly in eight dimensions. There are no supersymmetric spacetimes in 
eleven dimensions with strictly SU(2) holonomy, where the SU (2) acts irreducibly in 
eight dimensions. Hence spacetimes with this sort of local structure defined by the 
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Killing spinors have (to our knowledge) been overlooked previously. When the flux 
vanishes, the solutions reduce to IR 1 ' 10 , which of course has holonomy {1}. Thus the 
existence of this sort of preferred local geometric structure, associated to a set of Killing 
spinors, is dependent on non-trivial flux terms being turned on. 

3.5 N=12 (7(1) structures 

An N = 12 U(l) structure is defined by e and eleven additional Killing spinors of the 
form 

(f + gT- + j2(f A l J £ rij + 9 A Up~ ij ))e. (82) 
A=3 

Exploiting our residual freedom to perform (Spin(7) x IR 8 ) x IR transformations, we 
can take one of the spinors to have / = g 3 = g 4 = g 5 = = 0, a second to have 
g 3 = g 4 = g 5 = 0, a third to have g 3 = g 4 = and a fourth to have g 3 = 0. We assume 
that dv is of the form 

dv = aK 12 . (83) 

Then the Killing spinors are 

e, gT-e, \j^e, hgj^e, A = 3, 7. (84) 

The metric is again given by (20) with g = H' 1 ^ , where dX, dv and da are in adjoint 
of t/(l) (that is, they are all proportional to K 12 ), and the conformally rescaled base is 
locally flat. The flux is given by (21) but with Fijki — ^^jki~ ^ basis for the 2 is 

1 2 

J a AJ b -±5 ab ^2j c /\J c , A, B = 1,2. (85) 
l 

As for the chiral SU(2) case, these solutions have a qualitatively new preferred local 
geometric structure: a £7(1) structure acting irreducibly in eight dimensions. 

3.6 N=16 Chiral Identity structures 

Assuming that dv = together with the existence of e and fifteen other Killing spinors 
of the form 

(/ + gT- + f A \j^ + g A \jp-^ (86) 

it is straightforward to show, by very similar arguments to those given above, that the 
general solution of the Killing spinor equation is the standard asymptotically flat M2 
brane. 



22 



4 Examples: configurations admitting only null 
Killing spinors 

In this section, we will examine in detail all supersymmetric configurations admitting 
additional Killing spinors of the form 

(/ + \f A 4T^)e. (87) 

It was shown in [32] that the structure group associated to such spinors is of the form 
(G x IR 8 ) x IR, with G a proper subgroup of Spin(7). All these spinors are null, and 
define what was referred to in [32] as a null G-structure. We now examine in detail 
the constraints associated with the incorporation of additional supersymmetries of this 
form. 



4.1 (577(4) k R 8 ) x R structures, N=2 

Demanding the existence of a single additional Killing spinor of the form (87) reduces 
the structure group to (SU(A) x IR 8 ) x IR. By acting with the Spin(7) subgroup of the 
isotropy group of e, the second Killing spinor may be put in the canonical form 

(/ + \fjj^)e. (88) 

The derivation of the constraints is very similar to that of the treatment given to SU(4) 
structures in appendix B. We find that / and f 7 satisfy 

<V = %f = 0- (89) 



By the addition of a constant multiple of e together with a constant rescaling we can 
take / = 0, f = 1. Next we find that 



- / , 15 



F +9lJ i^ = 2u; +ij K 7A ^. (90) 
The additional constraints on u^-g are 

J 7ll io ij9 = 0, 

T ABCi ita lj9 = 0, A,B,C = 1,...,6. (91) 
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Under Spin(6), a symmetric traceless tensor of Spin(7) decomposes as 35 — > 20 + 15. 
The last of the constraints on ufy-g says that its 20 part vanishes. The 27 part of Fij k i 
is given by 

F 27 = -^ +9 - J 7 A J 7 - ^ +9 _0 - Itf^UijgJ 7 A J A + F 20 . (92) 

The self-dual 20 part drops out and is unconstrained. Next consider the constraints on 
u>ijk- The N=l constraint 

uj 99i - 6^i_ + = ~(f>ijki^ 7jkl (93) 
may be rewritten in two equivalent forms, 

J Aj u jkl J Akl = WB9i-6wi- + . (94) 
Rewriting (^ fc] ) 48 = wj^ fc] - (^fc]) 8 ; the N = 2 constraint 

1(^_ + + u, 99j ) J 7 ^ + (^ fc] ) 48 J 7 ^ = (95) 

becomes 

jJ j u jkt J 7kl = -{co 99i + 2wi_+). (96) 
Then from the z component of the Killing spinor equation, we find that 

u ijk K 7A i h = jJ j J Akl uj jkl , A + l. (97) 

Finally we have the condition 

nt jk J 7jk =-Y^ j i j - ( 98 ) 

Writing 

F +ijk = 3F A J A k] , (99) 

using the bases for the 8 and 48 given in the introduction, we find that (98) together 
with the N=l constraint 

Flijk = \<t> ijk l ^l (100) 



are equivalent to 



Fl = - r+9jJ J j , 

£ F*J* = 0. (101) 
A=l 
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Summary To summarise, the constraints imposed by the existence of a pair of Killing 
spinors defining an (SU(4) x IR 8 ) x IR structure, in addition to the N=l constraints of 
[10], are as follows. The second Killing spinor may be taken to be 

\jj^e. (102) 

The SU (4) invariant almost complex structure and (4, 0) form associated to this Killing 
spinor may be defined as for the SU (4) structures, as is done in appendix B. There are 
the additional algebraic constraints on the spin connection: 

- ,i 15 
lo 13 - — 

= 0, 

K 7Ai *u ij9 = -K 7Ai ^ gij , 

T ABCi ^ tj9 = 0, A,B,C = l,...,6, 

u ijk K 7A * k = J 7j J Akl u jkU A + l. (103) 

There are the following conditions on the components of the flux not fixed by the N=l 
constraints: 

F +9ij K 7Ai * = 2u +ij K 7Ai i, 

F 27 = -^ +9 -J 7 AJ 7 -l +9 ^- V A ^ 9 J 7 AJ A + F 20 , 

2 6 

-F+fjfc = -^u+vraJ 7 ™ 1 3 7 k ^ - -</> ijk l u +9 i + 3 ^2 F A J A k y (104) 



A=l 



From the N=l constraints, the forty-eight Ff~, A = 1, ...,6 appearing in the definition 
of F*fj k are required to satisfy 

E FAi 4 = 0- (105) 
A=l 

4.2 (Sp(2) x R 8 ) x R structures, N=3 

Now assume that there exists a second Killing spinor of the form of the form (87). We 
may always take this spinor to be of the form 

(f + f l -jj^ + f\jl^ )e , (106) 
25 



and its existence reduces the structure group from (SU(4) x R 8 ) x IR to (Sp(2) x IR 8 ) x R. 
Every (Sp(2) x IR 8 ) x IR structure embeds in an (SU(4) x IR 8 ) x IR structure, so the net 
constraints for an (Sp(2) x IR 8 ) x IR structure are obtained by adding the constraints 
for the existence of the Killing spinor (106) to those of the previous subsection. The 
additional constraints implied by the existence of (106) are as follows. The Killing spinor 
(106) may be taken to be 

(107) 

There are the following algebraic constraints on the spin connection: 

















= K m ^u ij9 


J 




- l\'' Aij 






= 0, A,B = 1,. 


..,5, 


J? j u jkl J m 


= —(iOQQi + 2iOi- 


■+), 




T&j jAkl, , 


A^6 



(108) 

There are the following conditions on the components of the four-form that are not fixed 
by the N=2 (577(4) x IR 8 ) x IR constraints: 

F +9ij K 6Ai i = 2cv +ij K eA ^, 

F 20 = -cu +9 -(^J 7 AJ 7 +|/ 6 AJ 6 + |/>) 

A=l 

F? = ^ +9j jf j . (109) 

4.3 ((5*7(2) x 577(2)) x R 8 ) x [R structures, N=4 

Incorporating a third Killing spinor of the form (87) reduces the structure group to 
((SU(2) x SU(2)) x IR 8 ) x IR. It imposes the following additional constraints. The 
Killing spinor may be taken to be 

(no) 
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The spin connection must satisfy the additional conditions 



Uij- — ^>ij-, 
U-ij = UJ 6 ij, 



J 5ij co ijg = K 57i iu ij9 = K^oo lj9 = 0, 
K 5A ^u; lj9 = -K 5Ai ^ 9ij , 



, ,35 _ 1^567*:/, , ^567 

W ij9 — n J Wfci9 J y 



u ijk K^ k = Jf j J Akl u jkl , A + h. (Ill) 

The components of the four-form not fixed by the N=3 (Sp(2) x IR 8 ) x IR constraints 
satisfy 

F +9ij K 5Ai i = 2u +ij K 5Ai i, 

F 14 = - W+9 „(|(J 7 AJ 7 + J 6 AJ 6 ) + ^J 5 AJ 5 + ^ 



i 4 



A=l 

Ff = -\u +9j J?. (112) 

4.4 (SU(2) x R 8 ) x [R structures, N=5 

Incorporating a fourth Killing spinor of the form (87) reduces the structure group to 
(SU(2) k IR 8 ) x IR. It imposes the following additional constraints. The Killing spinor 
may be taken to be 

\jf^e. (113) 
The spin connection must satisfy the additional conditions 

J^u ij9 = K m ^ lj9 = K m ^ lj9 = K 45i ^ ij9 = 0, 
K AAi ^ lj9 = K 4Ai ^ 9ij , 
, , 35 n 

w ij9 — U > 

jf j oo jk iJ 4kl = -{u 99i + 2ui- + ), 



UJ ZJ 



kK AAjk = jfjAkl^. kh A + ^ (U4) 
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The components of the four-form not fixed by the N=4 ((517(2) x SU(2)) x R 8 ) x IR 
constraints satisfy 



/•'.,,, A' ; = 2u +ij K 4Ai i, 

, 7 

= 



-^-Qe jAajA + j4aj4 + ^) 

A=5 



4 A , 

Ff = -\^jt j - (H5) 

As was the case for a chiral SU{2) structure, the existence of preferred local G-structures 
of this form is dependent on non-zero flux terms; the SU{2) factor acts irreducibly in 
eight dimensions. 

4.5 (£7(1) x R 8 ) x R structures, N=6 

With a fifth Killing spinor of the form (87), the structure group reduces to (£7(1) x IR 8 ) x IR. 
It imposes the following additional constraints. The Killing spinor may be taken to be 



1 



(H6) 



The spin connection must satisfy the additional conditions 

_ 1 u Ylkl f , 7^12 



■J : '" J ~,j» = K 3Ai ^ ij9 0. A = 4,..., 7, 

K 3A ^u ij9 = -K 3Ai ^cj 9ij , 

J? j LJ jkl J 3M = -(u 99i + 2Ui- + ), 

u ijk K 3A ^ k = jf j J Akl u jkl , A + (117) 
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The components of the four-form not fixed by the N=5 (SU(2) k R 8 ) x IR constraints 
satisfy 



^-(^E jAajA + ^ j3aj3 + 3 ^) 

A=4 



4 A= 

Ff = ~l^J?. (118) 

Again, the existence of such preferred G-structures is dependent on non-zero flux terms; 
the U(l) factor acts irreducibly in eight dimensions. 

4.6 Chiral R 9 structures, N=7 

Incorporating a sixth Killing spinor of the form (87) reduces the structure group to IR 9 . 
By an abuse of language, we refer to the associated G-structure as a chiral IR 9 structure, 
since it is defined by spinors of the same chirality on the eight dimensional base. The 
seventh Killing spinor may be chosen as 

\4r ij e. (119) 
Its existence imposes the following additional conditions on the spin connection, 

w-ij = &>ij- = 0, 

, ,7 _ 1 jlkl, , 7 1 

, ,21 _ , ,21 _ 1 TfUkl , 7^12 
w ij9 — — g A ^kl9 K ij , 

u ijk K 2A * = J? j J Akl LJ jkl , A + 2. (120) 

Because there is a condition (94) on the sum J A -*u>j k iJ Akl from the N=l constraints, we 
also find that 

Jl j uj jkl j lkl = 7uj mi + &*_+. (121) 
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The four-form is now completely determined by the geometry. The remaining compo- 
nents are given by 

rfl _ 9 , 21 

F 2 = j^+g-G/ 1 A J 1 - J 2 A J 2 )-^K 21i ^LO il9 J 2 A j\ 

Ff = -\^ 3 Jl 3 . (122) 

Because there is a condition on the sum F A] J, A from the N=l constraints, we also find 
that 

F} = ™co +9j jl j . (123) 

4.7 Chiral R 9 structures, N=8 

Incorporating an eighth Killing spinor of the form (87) leads to the following additional 
constraints. The spinor may be taken to be 



l4r ij e. (124) 



^ 3 
It imposes 

^9ij = ^ij9 = ^+9- = ^>+9i = 0, 

= -cum- (125) 
Using the conditions on w;^ we have derived already, we see that 

tOijkJ Ajk = J? j uJj-+, 
u> ljk K AB3k = (126) 

Hence 

Uijk = Si[jUj k j_ + . (127) 

Summary Let us summarise the full set of constraints for an N=8 chiral R 9 structure. 
The Killing spinors are 

1 

There are the following constraints on the spin connection: 



e, ^r j e. (128) 



w (a/3)- — ^-9i — Ui9- — ^>ij- — ^-ij — 0, 

^ij9 = ^9ij = W 9H — = U+9i = 0, 

= — Wggi, 

^ijk = 5 i [ j UJ k] _ + . (129) 
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The only non-zero components of the flux are 



F-\ — 9i — 3cJj_ + , 

F+9ij = 2to + ij. (130) 



5 Integrability Conditions 

In this section, we will examine the integrability conditions for the Killing spinor equa- 
tion in detail, to determine which field equations are satisfied identically as a consequence 
of supersymmetry. We will assume that we always impose the Bianchi identity for the 
four-form. Then the integrability condition for the Killing spinor equation, contracted 
with T u , reads 

r^[D^V v } v = (E^V + Qva T T™ T - 6Q^ a r^ v = 0, (131) 

where rj is any Killing spinor and the Einstein and four-form field equations are re- 
spectively Epv = 0, Q^ua = 0. We may, in very similar fashion to the analysis of the 
constraints for supersymmetry, rewrite the integrability condition as a manifest sum of 
basis spinors, to deduce which of the field equations are identically satisfied. Imposing 
the integrability condition for e, we find that E ++ and drop out and are uncon- 

strained. Thus these components of the field equations must be imposed on the solution 
of the constraints for a single null supersymmetry. There are the following relationships 
between the components of the field equations: 

12Q+- 9, 

18<2+i9) 

-6Q+_9<%, (132) 

and all other components are required to vanish by the integrability condition. Thus 
when there exists a single null Killing spinor, in addition to imposing the Bianchi identity 
and E ++ = Q + ij = 0, it is sufficient to impose Q+-g = Q+ig = to ensure that all field 
equations are satisfied. 

Now suppose there also exists a Killing spinor 

U + \f A J^)e. (133) 

Given the integrability condition for e, the integrability condition for this Killing spinor 
reads 

,lf A JijT i i]e = 0. (134) 



E-\ — = Egg = 
E+i = 

Eij = 
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Given the conditions on the components of the field equations implied by the integra- 
bility condition for e, it is easy to verify that the — , 9 and i components of (134) vanish 
identically. Only the + component is nontrivial, and it is 

-9f A Q +ij K ABi ^T kl e = 0. (135) 

Thus the existence of the Killing spinor (133) imposes that 

f A K ABi jQ+i . = (136) 

Hence we must then still impose the Bianchi identity and E ++ = Q+ 9 i = Q+ij = 

<5_| g = to guarantee a solution of all the field equations. 

Next consider 

[F^V^V^gr-je. (137) 

The — component vanishes identically as a consequence of the integrability condition 
for e. The + component is 

g(2E ++ + 24Q +9i r-*)e. (138) 

The 9 component is 

-24gQ +9l T\ (139) 

while the i component is 

g{-\2Q +9l - 36Q21.P + UQ+9j J* .lj£r kl )e. (140) 

Hence the existence of the Killing spinor gT~e (which defines a Spin(7) structure) implies 

that we must only impose the Bianchi identity and 9 = 0, as was shown in [33]. 

Finally we will compute 

[T»[V»,V v l l -g A 4T-v}e. (141) 
The — component vanishes identically. The + component is 

A 



9 

The 9 component is 



2E ++ \j A T^ + 24Q +9i J Ai 3 T-i - 3Q +ij K ABi ^J B r- kl } e. (142) 



g A {-2AQ +9l J M p + QQ +lJ K AB ^\ J*F kl )e. (143) 



The i component is 

/ [ - 12Q +9j J A \ - \2{Q+ lk J Ak 3 + 2Q +jk J A %)P + l2Q +9k J Ak 3 J B \ l -J? m T lm ] e. (144) 

Equipped with these expressions we may deduce the integrability conditions for any 
number of arbitrary Killing spinors of the form discussed in this paper. 
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6 Conclusions 



In this work, we have extended the systematic analysis of the Killing spinor equation of 
eleven dimensional supergravity, using the method of [31]. Ultimately, any supersym- 
metric spacetime is defined by the fact that its geometry, matter content and Killing 
spinors collectively solve the Killing spinor equation. The method we are employing 
allows for the extraction, from the Killing spinor equation, of the first order PDEs 
completely defining, without redundancy, all super symmetric spacetimes admitting any 
number of Killing spinors. The defining equations are expressed in what we believe is 
the most compact and useful form, as a set of algebraic conditions on, and relations be- 
tween, the spin connection, the flux components and the first derivatives of the functions 
defining the Killing spinors. 

In this series of papers, we are focussing on eleven dimensional spacetimes admitting 
at least one null Killing spinor. In particular, we have tried to present our results for the 
defining first order equations in the most user-friendly form possible, by imposing the 
conditions for N = 1 supersymmetry on our results for the commutators of section 2. 
The timelike case is covered by [9], [35], and (without imposing the N = 1 conditions) 
by [37]. There is some overlap, since some spacetimes can admit both timelike and null 
Killing spinors; the conditions under which this can arise are determined in [32]. 

Of course, giving the defining first order equations is not the same as finding all 
super symmetric spacetimes; to do this, one has to integrate the defining equations. We 
have illustrated in detail how this can be done in some particular cases above, and in 
appendix B. However, for more generic (or fewer) Killing spinors, integrating the defin- 
ing equations is a very complicated task. Nonetheless, our results provide what is in 
a sense the geometrical "DNA" of all supersymmetric spacetimes in eleven dimensions; 
the method we use naturally exploits the underlying geometrical structure, by produc- 
ing algebraic conditions on the spin connection and flux components, decomposed into 
modules of the structure group. 

When the calculation of the action of the supercovariant derivative on additional 
Killing spinors is complete, [34], our results, together with those of [10], will allow for 
an exhaustive classification of all supersymmetric spacetimes admitting at least one null 
Killing spinor. However, given the number of distinct choices of linearly independent 
Killing spinors there will be very many distinct classes of supersymmetric spacetimes in 
eleven dimensions. Beyond giving a rather formal exhaustive list of defining equations, 
our results will be of use for highly targeted, yet systematic, searches for particular 
solutions of special interest. One way of doing this would be to make an ansatz for the 
Killing spinors; that is, to determine what projections the Killing spinors of the solution 
of interest should obey, in the spacetime basis (3) (for example, the Killing spinors of the 
M2 brane obey T" 1 9 r/ = 7]). This could be used to write the Killing spinors in the form 
of (6), and then the conditions for supersymmetry could be read off from our results. 
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This procedure is identical in spirit to the "algebraic Killing spinor" technique of [41]. 
However, using our results in this fashion would involve making no initial ansatz at all 
for the bosonic fields; the only ansatz made would be for the Killing spinors. 

The power of our approach lies in its exhaustive nature, and the explicit form taken 
by the necessary and sufficient conditions we derive for supersymmetry. It is to be 
hoped that it will be a useful tool in the construction of supersymmetric solutions, both 
in eleven dimensional supergravity and elsewhere. 
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A Calculating the commutators 

The derivation of the commutators of section two, while entirely straightforward, in- 
volves some lengthy computation. Here we give more details on how these expressions 
are derived. Greek indices take values in {+, — , 1, ...,9}, and lower-case Roman indices 
take values in {1, 8}. The supercovariant derivative is given by 

V, = V M + ^(IWy - 8g, v T a ^)F^. (145) 

The commutator 

\f A 4r% (146) 

in terms of the fluxes and spin connection, is given by 

8[D^f A J^]e = d^f A J l jF i ie-2u;^f A J Ai j r»ie-±F lli f 3l f A J Ai j r^e 

+ ^F aMS f A J A T^e-^F^ s f A J A \T^ k e. (147) 
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Our objective is now to reduce this expression to a manifest sum of basis spinors. To 
do so, we employ the following projections satisfied by e: 



r+e = 0, 
T 9 e = e, 



r+- 



e = e, 



together with 



r«e = -J Aij J^T kl e, 
8 

Tjjfce = -4>ijkiT l e, 
Fijkime = 54>[ij k iT m ]e, (148) 

j A T Bk _ xABjr , V AB 
J ik J j - -d dij + K,^ , 

Ki B J Ck j = T t f c + 25^ A J* ] . (149) 

We also employ the fact that e is Killing, using the constraints of [10] to eliminate 
the fluxes in favour of the spin connection wherever possible. These constraints are as 
follows. The conditions on the spin connection are 

T T r\ 

u {lJ.v)- = = = w i9- = W_9j = 0, 

1 i 

^+9- - i9, 
7 7 

Kifc]) 8 = ^y*W- &•>!-+)■ (150) 
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The conditions on the four-form are 



F+-9i — % UJ i-+ — ^99i) 



8 I 

F+ijk = j ( Pijk u} +9l, 

Fl gii = 0, 



9ij 
1 

9 jj — ^.ufy-. 



F^qa,; — 2u;, 21 



P 8 

r 9ijk 



ijk — 0) 

2 



p48 _ 1 9 / ,7 \48 



pi 3 



-^iifci - 2 <t>{ijk muj I] 
Ffm = tyinir<*- ( 151 ) 



7 

y35 _ 9 i to 35 

ijfci — Z( P[ijk w /]m9- 

The F^ k , F^g- and i 7 ?^ components of the four- form drop out of the Killing spinor 
equation for e and are unconstrained by the N = 1 constraints. 

Now, it is very easy to reduce the — component of (147) to the form (39). So consider 
the + component, imposing all the projections satisfied by e to reduce it to a manifest 
sum of basis spinors. The term involving P is given by 

-\F + i kl <t> ijk ™jf m f A re - 2u +9i f A J Ai ^e. (152) 
Now we may use the identity 

<%r«*]TO = - 4 <%«M] - ^-fci m «L. ( i53 ) 

together with 

fcjkiaP = -6aJ- + 2a?/, (154) 

^ kl af kl = 0, (155) 

<p iklm hki m = 425}, (156) 

to obtain the form given in (40). The coefficient of r~*e may be treated in a very similar 
fashion. Analysing the P J e term is straightforward. Next consider the T~e term, which 
is 

-^F lklm 4> klm f A J Al >T-e. (157) 
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Using 

^Hmn = 126g-^' fcJ , (158) 

we obtain 

4lm^ ira = 18%o; +9 _ + 48^9 + 12t 4 5 9> ( 159 ) 
and hence the form given in (40). Finally consider the T~^e term. This is 

-±F + ^f A K AB v J? m T~ lm e - ±-f A J A * jFlklm ^ klm n T^-e. (160) 
To reduce this to the form given in (40), we use (159), (153) and 

Tp jAkl _ 18 a jAk T i /j jAk 35 , p27 f iM / 1fi1 \ 

^ijfei- 7 - — y-<^+9-^+8J [ja; j]jfc9 + 4J [t uj j]k9 + l< ijkl J . (161) 

This completes the derivation of (40). The terms appearing in the 9 component of (147) 
are very similar, and the derivation of (41) is very much along the same lines. 

The analysis of the i component of (147) is particularly involved. Consider first 
terms with no Gamma matrices; these are 

^F 9klm f A 4cf> klm i - lF 9jlm f A J A \f% Mm - (162) 

We may manipulate these in the same fashion as the terms in (152). To convert the 
terms involving r~*e to the given form, we use (154) and 

&j[k mQ! Jm = 2 ( 6 j[k^J]i ~ Si[k a l]j) + ^M[i m aJ]m- (I 63 ) 

To manipulate the T l e terms, we apply (153) and (163) repeatedly, to convert all terms 
with Fijki into the forms appearing on the left-hand sides of equations (159) and (161). 
We then apply these identities to reduce these terms to the given expression after a long 
calculation. The analysis of the T~ l term is straightforward. Finally, for the r y term, 
we use 

4> l[3 lm a k ]i m = -Gafjk + 41 " \<t>ik lma um, (164) 

together with (149) and the basis for the 48 given at the beginning of section 2. 

As discussed in the text, it is much easier technically to compute the anticommutator, 

{V^\g A J A T^}e, (165) 
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rather than the commutator. Nevertheless, it is still a long calculation, with the i 
component again being particularly involved. To determine the coefficient of the J^T^e 
term in the i component, we need the additional projection 




(166) 



which together with the projections and Spin(7) identities given above, suffices for the 
calculation of (165). The computation follows very much the same lines as that of 
[V^, |/ A J^P J ]e, though it is significantly longer. Full details of the whole calculation 
are available on request. 



In this appendix, we work through the derivation of the conditions for N = 4 SU (4) 
supersymmetry, given the existence of a null Killing spinor, and then solve these condi- 
tions to obtain the general local bosonic solution of the Killing spinor equation of this 
class. 

B.l Deriving the constraints 

We follow the strategy outlined in the main text. First consider the vanishing of the 
coefficient of gT~ l e in the 9 component of (57). This imposes that 



Given this constraint, the vanishing of the coefficient of gT l e in the — component implies 
that 



The vanishing of the coefficient of gJ^T u e, A = 1, ...,6, in the i component reads 



B N = 4 SU(A) structures 



^99i — — &i — |-. 



(167) 



^99i — U — M- 



(168) 




(169) 



(170) 



This, together with (169), implies that 




,7 \48 _ n 

[ijk]) ~ U - 



(171) 
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Using the conditions of [10] given in appendix A for the existence of a single Killing 
spinor, (167) and (171) imply that 

Fg ijk = 0, (172) 
wjjk = 4<%^fc]-+- g&jkW+- (173) 
The vanishing of the coefficient of g 7 J^ k Y~^ k e, A = 1, ...,6, in the i component imposes 

2 ^» + J^*a;« fc + 3^_ + ^ = 0. (174) 
Using (173), this reduces to 

K 7A f"u ijk = -u 3 - + K 7A \. (175) 

It is easy to verify that the conditions (167), (168), (173) and (175) also imply the 
vanishing of the coefficients of f 7 Y~ l e in the + component, f 7 Y^e in the 9 component, 
and f 7 e, g 7 Y~e and f J^Y^e, A = 1, 6, in the i component. Next, from the coefficient 
of gY~ l e in the + component, we get 

u; +9i = 0. (176) 

From the coefficent of gY l e in the 9 component, we get 

^ 9+i = 0, (177) 

and from the coefficients of gJ^Y^e, A = 1, ...,6, in the i component and /TV in the 
+ component, that 

K%k = 0- (178) 
From the N = 1 constraints we deduce that 

F + i jk = 0. (179) 

Equations (176), (177) and (178) ensure the vanishing of the coefficents of g 7 Y~' l e in the 
+ component, g 7 Y % e in the 9 and g 7 e and g' J^Y^e, A = 1, ...,6, in the i. 

Now look at the constraints on u^-g, lo^ 9 and F^i. From the coefficient of gY^^e 

in the i component, we find 

lo + _ 9 = uj j9 = 4 5 9 = 0. (180) 
From the coefficient of f Y^e in the i component, we find 

F ijki j7kl = 8J>f fc9 , (181) 
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while from the coefficient of g 7 T J e in the i component, 

F ijkl j7kl = - 8J? | w j]fc9- ( 182 ) 

Hence 

i^J™ = J>f fc9 = 0. (183) 
Contracting with J A , the second equality of (183) becomes 

K 7Ai iu ij9 = 0. (184) 
Since, from the N = 1 constraints, oj^ 9 = —\uJ l ig , (180) and (183) imply that 

= <4J]9> ( 185 ) 

where wj^ 9 denotes the projection on to the 15, or adjoint, of Spin(6) = SU(4). The 
adjoint is spanned by K AB , A, B = 1, ...,6. To solve the constraints on F 27 , note that 
on contracting the basis forms for the 27 given in (36) with J A , we find that F? 7 kl J Akl 
are the components of a two-form in the 7. Writing 

F 27 = f AB (J A AJ B - l -5 AB J c A J c ), (186) 

we find on contracting F 27 kl J 7kl with J A , that 



f 7 = \f A \ 



f A = 0, A=l,...,Q. (187) 

Hence 

f 27 = y, f AB (J A ^J B -b AB Y jCAjC ^ ( 188 ) 



A,B=1 C=l 

Under Spin(6), 27 — > 1 + 6 + 20. Equation (188) means that the algebraic constraints 
impose that the 1 and 6 parts of the decomposition of F 27 under Spin(6) vanish. Now, 
given the constraints (180), (185), (188), and the N = 1 constraint u 7 ^ = —cojjg, the 
coefficient of g 7 j(-T~ %: > e, A = 1, ...,6, in the 9 component implies that 

co 9ij = w«, (189) 

Equations (180), (185) and (188) also imply the vanishing of the coefficients of f 7 T~e 
and f 7 J t jT-^e, A = 1, ...,6, in the + component; of g 7 J A -T i ie, A = 1, ...,6, and gJ t jr^e 
in the — component; and of f 7 e and gJ^Y~ l ^e, A = 1, 6, in the 9 component. 
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Now look at the constraints on F^-, u> + ij and From the coefficient of gF^e in 

the i component, we find 

1 n 1 



3 ™ 2 
Hence 

7 _ }_ 7 

UJ ij+ — g^+jj' 



~ o«>lij + n F +9ij = 0- ( 19 °) 



i% = -24V- (191) 
From the coefficient of gJ^T~ l ^e, A = 1, ...,6, in the + component, we find 

J Ai ^io +ij = 0, A= 1,...,6. (192) 

From the coefficient of f 7 J t jT^e, A = 1,...,6, and of g 7 J^T'^e, A = 1,...,6, in the + 
component, we find that 

F +9ij K 7Aij = u> +ij K 7Aij = u ij+ K 7Aij = 0, A = 1, 6. (193) 

Equations (191), (192) and (193) imply the vanishing of the coefficients of g 7 J^T^e and 
gJ^T^e, A = 1, ...,6, in the 9 component, and <7 7 r i e in the i component. 

Next, from the coefficients of fj^T^e, A = 1,...,6, in the -, and fj^T'^e, 
A = 1, 6, in the 9, we find 

U-ij = uj 1 ^ 

Wij- = 4 5 - (194) 

This also implies the vanishing of the coefficient of f 7 Y~^e in the i, and of g 7 jf-T^ 11 e, 
A = 1, 6, in the — . 

Finally, from the coefficient of gT l e in the +, we find 

= 0, (195) 

which implies the vanishing of the coefficient of g 7 T l e in the +. We have now solved 
all the algebraic constraints on the spin connection and the flux. It remains to address 
the differential constraints on the spinor components. Given the algebraic constraints 
we have found, the Killing spinor equation for any of the three additional SU(4) Killing 
spinors reduces to the following. The — component is 

(d.f - guj^ +9 ) + (d^f - g 7 ^ +9 )\jj^ + d.gT- + a.g 7 \j^] e = 0. (196) 
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The + component is 



(d+f - gu++ 9 ) + (8+f 7 - g 7 u ++9 ) l -jj^ + (d + g - ±g 7 co +ij J^)Y~ 
+ (d + g 7 + lguj +ij J 7i i)lj 7 kl r- kl ]e = 0. (197) 



3 

The 9 component is 



(d 9 f + gu 99 + - \g 7 uJ +lj J 7lj ) + (dgf 7 + g 7 ujgg + + ^guj +ij J 7i ^J 7 kl Y kl + dggF' 



+ d 9 g 7 lj 7 j T- i i e = 0. (198) 



The i component is 

{d.f-gu^+idif-g 7 ^)^ j/ fc F fc +(a^+^_ + )r-+(a i < 7 7 +/^_ + )i e = o. 

(199) 

We demand that there exist three linearly independent solutions of these equations, 
in addition to the solution / = const, f 7 = g = g 7 = 0. We note that the solution 
f 7 = const, / = g = g 7 = always exists, since its existence imposes no further 
algebraic restrictions on the spin connection beyond those we have already derived. 
Thus we may take the second Killing spinor to be 

\j 7 3 T^e. (200) 

To find the third and fourth Killing spinors, we exploit the fact that we have some 
residual freedom to act with the isotropy group of e, while preserving both the N = 1 
constraints and the algebraic constraints derived above. Specifically, by assumption at 
least one of the remaining Killing spinors has g ^ 0. We act on this spinor with 

/ r +9 > (201) 
9 

which is an element of the (Spin(7) x R 8 ) x R isotropy group of e. Thus one of the two 
remaining Killing spinors may always be chosen to have / = 0, g ^ 0. Without loss of 
generality, we may always take g > 0. Examining the Killing spinor equation for this 
spinor we find the further algebraic constraints on the spin connection: 

= w ++9 = uj i+9 = 0, (202) 
5^99+ = ^g 7 uj +ij J 7ij . (203) 
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Given these constraints, the differential equations satisfied by the remaining components 
of the spinor are as follows. 

d-f 7 = d-g = 8„g 7 = 0, (204) 
d + f 7 = 0, d + logg = lj 99+ , d+g 7 = —gu+ij J 7ij , (205) 

d 9 f = -g 7 u 99+ - ^gu +lj J 7i i, d 9 g = 8 9 g 7 = 0, (206) 
dif = 0, dilogg = = dig 7 = -g 7 uji- + . (207) 

Finally, given a Killing spinor 

(f\jl^+gT-+g 7l -J 7 J T^)e, (208) 

satisfying (203), (204)-(207), it is easy to verify that the linearly independent spinor 

[f' + g'T' + g^-jlT^y (209) 

where /' = — f 7 , g' = —g 7 and g 7 ' = g, also satisfies the Killing spinor equation, without 
imposing any further constraints on the spin connection. Thus we have determined 
all the constraints on the Killing spinors, geometry and four-form for the existence of 
an N = 4 SU (4) structure embedding in (Spin(7) x R 8 ) x R. These conditions are 
summarised in the main body of the text. 



B.2 Solving the constraints 

In this subsection, we will solve the conditions derived above for N = 4 SU(4) supersym- 
metry. In what follows, we will employ the coordinates of [10] given in the introduction 
to derive the general solution of these constraints. Let us now briefly justify this choice. 
Fixing one of the Killing spinors to have / = 0, g ^ amounts to a choice of frame 
in spacetime. Recall that the null Killing vector associated to the Killing spinor e is 
K = e + . The conditions on the spin connection required for supersymmetry which we 
have derived with this particular choice of frame imply the following conditions on the 
Lie derivatives of the basis one-forms: 

Cxe + = £rz~ = -Cftre 9 = 0, 

L K e = -(4 5 _ + a,^V. (210) 

Choosing coordinates (as in the introduction) such that 




(211) 
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imply that the basis one forms e + , e~ and e 9 must be independent of v with this choice 
of frame. Now, we exploit the fact that we may always make SU(4) rotations of the e l , 
preserving all four Killing spinors, under which the e l transform according to 

j _> (e*)' = Q^e j . (212) 

Since Wj 3 -_, uj-ij belong to the adjoint of SU(4), by performing an SU(A) rotation we 
may always choose the e l such that 

C K e l = 0. (213) 

Hence we can choose the frame so that the Killing spinors are simplified as above, and 
we may then always introduce the u-independent coordinatisation of this frame given in 
the introduction. 

Let us now derive the general solution of the constraints, to obtain the metric, four- 
form and Killing spinors explicitly, up to an eight-manifold with SU(4) structure. We 
will consider three distinct cases in turn, depending on whether or not the functions f 7 , 
g 7 are zero or non-zero. They are: 



Case (i): g 7 = 0. When g 7 = 0, from the first algebraic constraint on the spin 
connection we find that W99+ = 0. From d + g 7 = we find uj+ijj 7 ^ = 0. Hence 
dgf 7 = 0, so f 7 = const. By adding a constant multiple of the Killing spinor JjjT^e we 
may take f 7 = 0. Thus when g 7 = 0, we have the additional constraints 

g 7 = f = co 99+ = u+ijJ 7 " = 0. (214) 

The function g must satisfy 

d-g = d+g = d 9 g = 0, 

dilogg = (215) 

and the four Killing spinors can be chosen to be 

e, gT-e, g^Jj^e. (216) 

The Killing spinors e and gT~~e define a Spin(7) structure. In [33], it was shown that 
given the existence of a Spin(7) structure, the metric may always be cast in the form 

ds 2 = H~ 2 ^(x)(2[du + X(x) M dx M ][dv + u(x) N dx N ] + [dz + a(x) M dx M } 2 ^ 

+ H 1 / 3 (x)h MN {x)dx M dx N , (217) 
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where Jimn is a metric of Spin(7) holonomy, g = H^ 1 / 3 , and dX, dv and da are two- 
forms in the 21 of Spin(7). Now, the additional constraints on the spin connection 
implied by the existence of the N = 4 SU{4) structure restrict dX, dv and da to the 15 
of SU(4) (that is, they are required to be traceless (1,1) forms). Also, the final algebraic 
constraint on the spin connection reads 

K 7A i k u ijk = 0, (218) 

where Cj^ denotes the spin connection of h. This means that 

u ijk = 4 5 fc , (219) 

and so h is a metric of SU (4) holonomy. With the elfbeins as defined in the introduction, 
the four-form is given by 

F = e + A e~ A e 9 A dlogH + H~ 1/3 e + A e~ A da - e + A e 9 A dv 

+ H- 2 ^e~ Ae 9 AdX + ^F^ff Ae j Ae k Ae l . (220) 

We may construct the complex structure and holomorphic four-form associated to the 
SU(4) structure as follows. Let 

n = \jJjT ij e (221) 

Then 

(e + A J)^ = -H-^eT^r,, (222) 

where 

J = F- 1 / 3 J 7 = e 12 + e 34 + e 56 + e 78 . (223) 
The holomorphic four-form is given by 

e A ^l^iuarp = ~H I £^ fivoTpt ~\~ iH I ^ fivarpf] ^ (^ ^ J ^ J)[ii>OTp-i (224) 

and it takes the canonical form 

Q = (e 1 + ie 2 )(e 3 + ie 4 )(e 5 + ie 6 )(e 7 + ie 8 ). (225) 

Case (ii): g 7 ^ 0, f 7 = 0. In this case, from dgf = and the first algebraic con- 
straint on the spin connection, we find W99+ = LU+ijJ 7 ^ = 0. Then from the differential 
equations for g, g 7 we find that g = g(x), g 7 = g 7 (x) and 

d M log g = d M log \g 7 1 • (226) 

Here, and throughout, upper case Roman letters denote coordinate indices on the base 
space. Thus g = ag 7 , for some non-zero constant a. By taking a linear combination of 
the third and fourth Killing spinors with constant coefficients, we can construct a pair 
of Killing spinors with f 7 = g 7 = 0, and this case reduces to case (i). 
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Case (iii): g 7 7^ 0, f 7 7^ 0. To treat this case, we need to invert the elfbeins given 
in the introduction. The inverses are given by 

e+ = — , 

--LF— + L— 

2 dv du 

9 B d Id 

e ~ ~Cfo^ 'Cdz' 

e- = [(lrX M + B, M -, M )l-X M l-, M l + ^ B }E'-, (227) 

where e l M E^ M = 8 % i . Now, from LUi$+ = ujg+i = 0, we find that 

a = a(z,x). (228) 
From the differential conditions on f 7 , d^f 7 = d + f 7 = 0, we find that 

f = f{z,x). (229) 

The equation dif 7 = reads 

duf = <J M d z f 7 . (230) 

If f 7 = f 7 (x) then f 7 = const, we may take f 7 = and this case reduces to case (i). 
Otherwise, consider the change of coordinates 

z' = f 7 (z,x), (231) 

whereby, given that a satisfies (230), we may set a = 0. Next, from 

d^g = 8-g 7 = 8 9 g = 8 9 g 7 = 0, (232) 

we find that 

g = g(u,x), g 7 = g 7 {u,x). (233) 

If either g = g(x) or g 7 = g 7 (x), then from the expressions for d+g, d+g 7 , and the first 
algebraic constraint on the spin connection, we find that togg + = uj + ij,J 7 '^ = 0, and we 
are back to case (i). Thus we require d u g,d u g 7 ^ 0. Also from cj + _g = L0i-$ = 0, we 
find that 

L = L(u,x), \ = X(u,x). (234) 
From the condition di log g = di log |g 7 |, we get 

\g 7 \ \g 7 \ 

d M log = XmO u log . (235) 

g g 
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If d u log ^ = then g = ag 7 , for some constant a, and by taking a linear combination 
with constant coefficients we can construct a Killing spinor with g 7 = 0, and we are 
back to case (i). Otherwise, define a new coordinate v! as 

\a 7 \ 

n ' = logH-i. (236) 
9 

Making this change of coordinate sets A = 0, given that A satisfies (235). Now consider 
di log g = — u)i Since we have chosen our coordinates so that A = 0, this reads 

9m log g = — ^£?m log L. (237) 

Hence 

L = L(u')g~ 2 , (238) 

and by defining a new u coordinate we may set L = 1 (though note that this means that 
equation (236) becomes g 7 = g 7 {u)g). We may determine the function C as follows. 
The equation d + log g = ^99+ is 

d u \ogg = d u \ogC. (239) 

Thus 

C = C{z',x)g. (240) 
Since A = a = 0, di log g = CJ99; becomes 

d M log g = d M log C, (241) 

so that 

C = C(z')g. (242) 

By defining a new z coordinate we may set C = 1 (in the new z coordinate, (231) 
becomes f 7 = f 7 {z)). Let us now determine the functions B, J 7 , and the coordinate 
dependence of the form v. By making a shift 

v' = v + J B(u,z,x)dz, (243) 

we may set B = 0. In this gauge, o; ++9 = reads 

d z T = 0. (244) 

Thus we may make a second, z-independent, shift of v, to set T = while preserving 
B = 0. In this gauge, given that a = 0, cjj+g = Lu++i = implies that 

v = v(x). (245) 



47 



Now look at the expression for dgf 7 . With the choices we have made for our coordinates, 
this reads 

d z f = d u g 7 . (246) 
Since the right-hand side is a function only of u, and f 7 = f 7 (z), we must have 

f = az + p, ~g 7 = au + 1 , (247) 

for some constants a, /3, 7. By a constant shift in u and z, we may set (3 = 7 = 0, and by 
a constant positive rescaling of the Killing spinor together with changing the sign of the 
coordinates if necessary we may take a = 1. Now we insert g 7 = ug into the equation 
for d + g 7 , eliminating u+ijj 7 ^ in favour of 0^99+. We obtain 

d u logg = d u log(l + u 2 r 1/2 - (248) 

Hence 

g = (l + u 2 r 1/2 ~9(x), (249) 

and we have now determined the Killing spinors completely up to one arbitrary positive 
function g(x). We have also solved all the constraints on the spin connection except for 



1 

3' 



9^99+ = 7fl 7 W +!j J 7iJ , 



— 1, , T 7kl t7 , , ,15 

— 1 , > T 7kl T 7 _l_ , , 15 
j+ ~ 24 +kl { 3 

— , , 15 
U9ij — W gi j, 

Uij9 — L0 ij9 , 



ijk = -\ 5 i[j d k] lo § 9 + g^ijfc % log 5, 

"S* = \^oggK 7A \K^ + ulf k . (250) 
Consider first u^-g = ojf^. This becomes 

Afe) = 0, (251) 
where Ajj = Sik(d z e h )j. Then wgy = Wg?- imposes that 

A„ = A* 5 . (252) 

Since Ajj is in the adjoint of the structure group of the base, this means that the z 

dependence of the base is pure gauge, and may be removed by a z dependent SU(4) 
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transformation of the achtbeins, while leaving the Killing spinors and all the other 
associated constraints invariant. Similarly, the 15 part of Mjj = 5ik(d u e k )j is pure 
gauge, and may be removed by means of a z independent S77(4) transformation. To 
solve the constraints on Uijk, conformally rescale the base according to e % = g~ x l 2 e % . 
Since A, a = 0, the constraints on LOijk become 

K 7A ^ k Cj i]k = 0, A = l,...,6, (253) 

where u denotes the spin connection of the conformally rescaled base. The conditions 
(253) impose that the conformally rescaled base must be a Calabi-Yau four-fold for all 
u. Now, 

— , j7 kl 7? 1 , ,15 

-Uw 7H 4+4 5 +, (254) 



impose that 
together with 



«>i3+ = 24 



dv = -J^2 M ij j7ijj7 + d " 15 ' ( 255 ) 



M = \MijJ 7ij J 7 . (256) 



Finally, guj 9 g + = ^g 7 u + ijJ 7 ^ becomes 

" 2(1 + u 



M ij = ^tttzttA- ( 257 ) 



Defining a new coordinate by 
(257) becomes 



u = tan p, (258) 



ft,! 1 = I 



z2 



^ - 2 e 



2 

and similarly for (e 3 ,e 4 ), (e 5 ,e 6 ), and (e 7 ,e 8 ). Hence 



d p e 2 = -\e\ (259) 



e 1 (p, x) = cos(p/2)e 1 (x) + sin(p/2)e 2 (x), 

e 2 (p,x) = -sin(p/2)I 1 (x) + cos(p/2)I 2 (x), (260) 
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and similarly for the remaining pairs of achtbeins. As in case (i), the Killing spinors 
define a complex structure and a holomorphic four-form on the (conformally rescaled) 
base. The complex structure on the base is given by J = g(x)J 7 . Both the metric and 
the complex structure are independent of p, since 

el2 + e34 +g 56 + g78 = |12 + |34 + |56 + |78_ (2gl) 

However, the holomorphic four-form, and hence the SU (4) structure does depend on p; 
in terms of the e\ we have 

Q = e - 2ip {l l + il 2 ){l 3 + il 4 )(l 5 + il 6 )(l 7 + il 8 ). (262) 

Denoting the exterior derivative restricted to the base by d, if d£l = at p = then 
dft = for all p, as required. Finally, note that (255) implies that v must satisfy 

dv = -Jp J + dv 15 . (263) 

We have now completely solved for the metric, Killing spinors and four-form in this 
case, so we will summarise the result. Defining H^ 1 ^ = g, the Killing spinors are given 
by 

f = z, 
g = cospH~ 1/3 (x), 
g 7 = smpH- 1/3 (x). (264) 

The metric is given by 

ds 2 = H- 2/3 (x) Wdp{dv + u M {x)dx M ) + cos 2 pdz 2 ] + H 1/3 (x)h M N(x)dx M dx N , (265) 

where Hmn is a metric of SU(4) holonomy and the complex structure and holomorphic 
four-form defined by the Killing spinors are 

J = I 12 + I34 + I56 + |78 ; 

n = e - M '(I 1 +»I 2 )(I 3 + »l 4 )(I 5 + ii 6 )(i 7 + ii 8 ), (266) 
where e l (x) are achtbeins for h. The one- form v is required to satisfy 

dv = --HJ + du 15 . (267) 
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The solution evolves from a naked null singularity at p = — ^ to a second naked null 
singularity at p = | . The flux is given by 

F = cos p(dv + v) A dp A dz A d(H^ v ) + cos pdp Adz A (—H^du — J) 

+ Al j A I* A I' : . (268) 

The Bianchi identity imposes F 20 = i ?20 (x), Jf 20 = 0. The + - 9 component of the 
classical field equation is 

V 2 H = -^F™F™^, (269) 

where V 2 denotes the Laplacian on the eight-manifold with metric Km n , and here indices 
are raised with h MN . All other field equations are identically satisfied. This class of 
solutions, together with those given above in case (i), exhausts all possibilities for N = 4 
SU (4) structures admitting a null Killing spinor. 
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